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A simple model of the magnetic field enhancement at pits on the surface of superconducting accelerating
cavity is proposed. The model consists of a two-dimensional pit with a slope angle, depth, width, and radius
of round edge. An analytical formula that describes the magnetic field enhancement factor of the model is
derived. The formula is given as a function of a slope angle and a ratio of half a width to a round-edge radius.
Agreements between the formula and numerical calculations are also demonstrated. Using the formula, the
field vortices start to penetrate can be evaluated for a given geometry of pit.
I. INTRODUCTION
After the pioneering study of the superconducting
radio-frequency (SRF) cavity for its application to accel-
erator in the 1960’s, tremendous efforts to improve their
performances have been made1. The maximum acceler-
ating gradients have been increasing from a few MV/m
in pioneer days to over 35MV/m of TESLA type 1.3GHz
9-cell cavities made of niobium2. Further a high gradient
comparable to the theoretical limit imposed by the su-
perheating field of the bulk niobium, however, is difficult
to achieve even today, because of quenches at rather low
gradients.
Causes of quenches have been identified at many ex-
periments by use of the optical inspection technique3
combined with the temperature and X-ray mapping sys-
tems4,5. According to experiments, pits on inner surfaces
of SRF cavities are thought to be one of main causes of
quenches. In fact removals of suspicious pits by the local
grind6, laser re-melting7 and electron beam re-melting
technique8 improve maximum accelerating gradients of
cavities.
A quench by a pit is attributed to a locally enhanced
magnetic field, βH0, exceeding the superheating field,
where H0 is a surface magnetic field of cavity, and β
is a magnetic field enhancement (MFE) factor due to a
geometry of pit. To reveal the relation between the MFE
factor and the geometry of pit is of high interest not
only to a current SRF technology based on the niobium
cavity, but also to future technologies such as the cavity
with the multilayered structure of superconductors9,10,
because quenches by a locally enhanced magnetic field at
pits remain a concern as long as the SRF cavity is used at
high magnetic fields comparable to the critical magnetic
field of the material. The important contribution to this
challenge is given by V. Shemelin and H. Padamsee11.
They demonstrated the geometrical dependence of the
MFE factor at a well-like pit by numerical calculations,
and proposed the simple relation β ∝ (R/re)1/3, where R
is half a width of the well and re is a radius of round edge.
a)kubotaka@post.kek.jp
Based on this study several experiments and numerical
studies using well-like pits on surfaces of cavities have
been carried out12. Except for artificial pits, however,
those found in SRF cavities are usually not well-like, but
have gentle slopes13,14. The relation given above can not
be applicable to such pits with arbitrary slope angles. A
more general formula that can describe the MFE factor
of pits with arbitrary slope angles is needed.
In this paper, an analytical model of the MFE factor at
pits is proposed. The model consists of a two-dimensional
pit with a slope angle, depth, width, and radius of round
edge. In Sec. II A, the derivation of the MFE factor of this
model, which is equal to solving the Maxwell equations
of a two-dimensional magnetostatics in the vacuum, is re-
duced to the problem of finding an appropriate complex
function called the complex potential. Then, in Sec. II B,
the complex potential and the resultant MFE factor for
the model with an infinitesimal round-edge radius is de-
rived analytically by the method of conformal mapping,
from which, in Sec. II C, that with a finite round-edge
radius is derived by a polynomial extrapolation. Agree-
ments between the formula and numerical calculations
are also demonstrated. In Sec. III, by using the formula,
the field vortices start to penetrate is evaluated. A sum-
mary is given in Sec. IV.
II. MODEL
Pits found on inner surfaces of SRF cavities have var-
ious slope angles, widths, depths and curvature radii of
edges. A minimum model with such parameters is a
two-dimensional pit with a triangular section shown in
Fig. 1, where πα (0 < α < 1/2) is a slope angle, d is a
depth, R = d/ tanπα is half a width of the open mouth,
and re is a radius of the arc of the round edge, respec-
tively. The magnetic field far from the pit is given by
(Hx, Hy) = (H0, 0), which is uniform and parallel to the
surface of the superconductor.
2A. Formulation
The Maxwell equations for a two-dimensional magne-
tostatics problem in the vacuum are given by rotH = 0
and divB = 0, where H is a magnetic field, B = µ0H is
a magnetic flux density, and µ0 is the magnetic perme-
ability of the vacuum. By introducing a magnetic scalar
potential φ(x, y), the problem is reduced to a Laplace
equation △(2)φ(x, y) = 0, where △(2) = ∂2/∂x2 +
∂2/∂y2. The magnetic field is given by H = −gradφ =
(−∂φ/∂x,−∂φ/∂y, 0). On the other hand, by introduc-
ing a vector potential A = (0, 0, −µ0 ψ(x, y)), where ψ
is a real function, the problem is reduced to a Laplace
equation △(2)ψ(x, y) = 0. The magnetic field is given by
H = µ−10 rotA = (−∂ψ/∂y, ∂ψ/∂x, 0). Since both the
two approaches should lead the same magnetic field,
Hx = −∂φ
∂x
= −∂ψ
∂y
, Hy = −∂φ
∂y
=
∂ψ
∂x
, (1)
are derived, which are the Cauchy-Riemann conditions.
Thus a function
Φ(z) = φ(x, y) + iψ(x, y) , (2)
is an holomorphic function of a complex variable z =
x+iy, which is called the complex potential. If a complex
potential Φ(z) is given, components of the magnetic field
are derived from
Hx − iHy = −∂φ
∂x
+ i
∂φ
∂y
= −∂φ
∂x
− i∂ψ
∂x
= −Φ′(z) ,(3)
where the property of the holomorphic function, Φ′(z) =
∂φ/∂x + i∂ψ/∂x, is used. Then the MFE factor, which
is defined by a ratio of an enhanced magnetic field to a
surface magnetic field far from a pit, is given by
β =
|Hx − iHy|
H0
=
|Φ′(z)|
H0
. (4)
Thus the two-dimensional magnetostatics problem is re-
duced to a problem of finding a complex potential Φ(z).
B. Pit with sharp edges (re = 0)
Let us consider the model with re = 0 for simplicity,
which corresponds to a pit with sharp edges. In this case,
the complex potential Φ(z) and the resultant MFE factor
are easily derived from a complex potential Φ˜(w) on a
complex w-plane shown in Fig. 2 through a conformal
mapping z = F (w), by which orthogonal sets of field
lines in the w-plane are transformed into those in the z-
plane. The map F (w) is given by the Schwarz-Christoffel
transformation15,16:
F (w) = K1
∫ w
0
f(w)dw +K2 , f(w) =
(w2 − 1
w2
)α
.(5)
Constants K1 and K2 are determined by conditions that
B’ and C’ in the w-plane are mapped into B and C
FIG. 1. (a) A two-dimensional pit with a triangular sec-
tion and (b) an enlarged image of the edge. A gray re-
gion corresponds to a superconductor in the Meissner state,
piα (0 < α < 1/2) is a slope angle, d is a depth, R = d/ tan piα
is half a width of the open mouth, and re is a radius of the
round edge. A length rΛ = re(1−cos piα)/ sin piα is a distance
between z = R and an end of the arc. A surface magnetic
field far from the pit is given by (Hx,Hy) = (H0, 0).
FIG. 2. A superconductor surface without a pit. A gray
region corresponds to a superconductor in the Meissner state.
A surface magnetic field is assumed to be (Hu, Hv) = (H˜0, 0).
in the z-plane, respectively, and are given by K1 =√
πR/{α cosπαΓ(α)Γ(12 −α)} and K2 = −id. The com-
plex potential on the w-plane is given by
Φ˜(w) = −H˜0w , (6)
where H˜0 ≡ K1H0. It is easy to confirm that components
of the maganetic field on the w-plane is given by Hu −
iHv = −Φ˜′(w) = H˜0. Thus, from Eq. (5) and (6), the
complex potential on the z-plane is given by
Φ(z) = Φ˜(F−1(z)) = −H˜0F−1(z) , (7)
where F−1 is a inverse function of F . Then the MFE
factor of the model are derived by substituting Eq. (7)
into the general formula given by Eq. (4):
β = K1
∣∣∣∣dF
−1(z)
dz
∣∣∣∣ = K1|F ′(w)| =
1
|f(w)| =
∣∣∣∣ w
2
w2 − 1
∣∣∣∣
α
, (8)
where dF−1/dz = dw/dz = (dz/dw)−1 = (dF/dw)−1 is
used. As is obvious from the above, the magnetic field
3is not enhanced (β → 1) at a domain far from the pit
(w → ∞), vanishes (β = 0) at the concave corner B
(w = 0), and diverges (β → ∞) at the convex corners A
and C (w → ±1).
Let us look at the vicinity of the convex corner C in
detail. In order to evaluate the MFE factor for an arbi-
trary z, the function f(w) in Eq. (8) is required to be ex-
pressed in terms of z. While no closed form of f(F−1(z))
exist, that of an approximate expression can be derived
as follows16. Since a domain in the vicinity of C’ on the
w-plane can be written as w = 1 + ǫ with |ǫ| ≪ 1, the
function f(w) = (w2 − 1)αw−2α can be approximated as
f(w) ≃ 2αǫα. Then the integral in Eq. (5) is computed
as z = F (w) = R+ 2αK1ǫ
α+1/(α+ 1), or
f(w) ≃ 2αǫα =
[2(α+ 1)
K1
(z −R)
]γ
, γ ≡ α
1 + α
. (9)
Substituing Eq. (9) into Eq. (8), we find
β(r) =
[ √π
2α(α+ 1) cosπαΓ(α)Γ(12 − α)
R
r
]γ
. (10)
where r ≡ |z − R| is a distance from the corner C. It
should be noted that the range in application of Eq. (10)
is limited by the assumption ǫ≪ 1, and is given by
r ≪ rǫ ≡ 2
α
√
πR
α(α+ 1) cosπαΓ(α)Γ(12 − α)
. (11)
The MFE factor near the corner A can also be described
by Eq. (10), by replacing r = |z −R| with r = |z +R|, a
distance from the corner A.
C. Pit with round edges (re 6= 0)
Let us proceed to the model with a finite re. As is
obvious from Fig. 1(b), at a domain r ≥ rΛ ≡ re(1 −
cosπα)/ sinπα, the pit has the same geometry as that
with sharp edges. Thus the MFE factor β(r) of the model
with a finite re is also described by Eq. (10) at rΛ ≤ r ≪
rǫ, where rǫ is given by Eq. (11). Note that rΛ ≪ rǫ,
namely,
R
re
≫ λ(α) ≡ α(α + 1)(1− cosπα) Γ(α)Γ(
1
2 − α)
2α
√
π tanπα
,(12)
is assumed here.
The MFE factor β(r) at r ≤ rΛ can be estimated from
that at r ≥ rΛ by a polynomial extrapolation,
β(r) =
n∑
k=0
ak(r − rΛ)k , (13)
where ak is a real coefficient and n is a degree of the
polynomial. Suppose the polynomial satisfies following
conditions: continuities of β, dβ/dr, . . . , dn−1β/drn−1
at r = rΛ, and dβ/dr ≃ 0 at r ≪ rΛ. Due to the last
condition, the function β(r) has its maximum value at
ó
ó
ó
ó
ó
ó
à
à
à
à
à
à
à
í
í
í
í
í í
í
æ æ
æ æ æ æ æ
80°
60°
30°
10°
0 10 20 30 40 50
1.0
1.5
2.0
2.5
3.0
3.5
4.0
Rre
Β
*
FIG. 3. Comparisons between the analytical formula
given by Eq. (14) and numerical calculations by POIS-
SON/SUPERFISH. The four curves show Eq. (14) as func-
tions of R/re in ranges R/re ≥ 10λ(α) for Eq. (12). The
black line, gray line, black dashed line and gray dashed line
correspond to slope angles 80◦, 60◦, 30◦, and 10◦ (α = 4/9,
1/3, 1/6, and 1/18), respectively. The four types of symbols
show the maximum MFE factors for given pits calculated by
POISSON/SUPERFISH17, where the triangles, filled squares,
rhombi, and filled circles correspond to slope angles 80◦, 60◦,
30◦, and 10◦, respectively.
r ≪ rΛ, the tip of the round edge. Then the coefficients
are given by
ak =


β(rΛ) (k = 0) ,
(−1)kγ(1 + γ) · · · (k − 1 + γ)β(rΛ)
k!rk
Λ
(1 ≤ k ≤ n− 1) ,
(−1)k+1γ(2 + γ) · · · (n− 1 + γ) (n−1)β(rΛ)n!rn
Λ
(k = n) ,
where β(rΛ) can be evaluated by Eq. (10) when Eq. (12)
is satisfied. Thus the maximum value of the MFE factor
β∗ ≃ β(r)|r≪rΛ is given by
β∗ ≃
n∑
k=0
ak(−1)krkΛ
=
β(rΛ)
(n− 1)!
(
1 +
γ
n
)
(2 + γ) · · · (n− 1 + γ)
= P (α)
(
R
re
)γ
, (14)
where the coefficient P (α) is given by
P (α) =
1
(n− 1)!
(
1 +
γ
n
)
(2 + γ) · · · (n− 1 + γ)
×
[ √
π tanπα
2α(α+ 1)(1−cosπα)Γ(α)Γ(12−α)
]γ
. (15)
Fig. 3 makes comparisons between Eq. (14) for n = 6 and
numerical calculations by POISSON/SUPERFISH17,
where good agreements between the two approaches are
seen. Even though β∗ is proportional to (R/re)
γ inde-
pendently of a choice of the degree of polynomial n, other
choice of n does not give such good agreements, because
of too large or too small P (α). It is worth emphasiz-
ing that Eq. (14) is reduced to β∗ ∝ (R/re)1/3 when
α → 1/2, which corresponds to the known result for the
well-like pit11.
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FIG. 4. A contour plot of µ0H
max
peak. The abscissa and the
ordinate represent the ratio R/re and the slope angle piα, re-
spectively, which specify the geometry of a pit. The white re-
gion at the upper left corresponds to a region R/re < 10λ(α),
where our formulae ceases to be a good approximation.
III. DISCUSSION
Using the formula given by Eq. (14), the field vortices
start to penetrate can be evaluated by a geometry of
pit characterized by a slope angle α and a ratio R/re.
Suppose a pit exist on an equator of a superconduct-
ing accelerating cavity. Then a peak magnetic field of
the cavity, Hpeak, is maximally enhanced at the edge of
the pit: β∗Hpeak. Provided that vortices start to pene-
trate into the superconductor at Hv, the maximum peak
magnetic field in the absence of the vortex penetration,
Hmaxpeak, can be estimated as β
∗Hmaxpeak = Hv, or,
µ0H
max
peak =
µ0Hv
P (α)
(
re
R
)γ
. (16)
Fig.(4) shows the contour plot of µ0H
max
peak, where µ0Hv =
200mT is assumed18. It should be noted that if a par-
ticular shape of cavity is assumed, Eq. (16) is reduced to
the formula that describes the accelerating field at which
vortices start to penetrate: Emaxacc = g
−1µ0H
max
peak, where
g is a ratio of the peak magnetic field to the accelerating
field for a given cavity. It is also easy to draw the similar
contour plot for cavities with a different µ0Hv such as a
multi-layered structure of the superconductors19. A com-
parison between the formula and experimental results is
a future challenge.
IV. SUMMARY
A simple model of the magnetic field enhancement at
pits on the surface of superconducting accelerating cavity
is proposed. The model consists of a two-dimensional pit
with a slope angle πα (0 < α < 1/2), depth d, width R,
and radius of round edge re. A formula that describes the
magnetic field enhancement factor for the model was de-
rived. The formula is given by β∗ = P (α)(R/re)
γ , where
γ is defined by γ = α/(1 + α), and P (α) is a coefficient
depending on a slope angle α. By using the formula, the
field vortices start to penetrate can be evaluated for a
given geometry of pit.
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